Abstract. A rack is a set together with a self-distributive bijective binary operation. In this paper, a question due to Heckenberger, Shareshian and Welker is answered. In fact, we show that the lattice of subracks of every finite rack is complemented. Moreover, we characterize finite modular lattices of subracks in terms of complements of subracks. Further, we show that being a Boolean algebra, pseudocomplemented and uniquely complemented as well as distributivity are equivalent for the lattice of subracks of a finite rack. Next, we introduce a certain class of racks including all groups with the conjugation operation, called G-racks, and we study some of their properties. In particular, we show that a finite G-rack has the homotopy type of a sphere.
Introduction
Nowadays, racks are used in several fields of pure and applied sciences by knot theory, for example in encoding the strands of knot diagrams. The study of an algebraic structure like a rack was started by M. Takasaki in [10] where he studied reflections in finite geometry. Indeed, he used a certain algebraic structure known as key or involutory quandle. Since then, racks, quandles and similar self-distributive systems were used in many papers for studying braids and knots (see [3] , [5] , [7] and [8] ). See also [1] , for some results about racks and their applications in Hopf algebras.
A rack is a set together with a self-distributive and bijective operation. A subrack of a rack (R, ⊲) is a subset Q of R where (Q, ⊲) is a rack. The set of all subracks of a rack R together with the inclusion order is a lattice. More precisely, the meet and the join of two subracks are the intersection of them and the subrack generated by them, respectively. The lattice of subracks of a rack was introduced by I. Heckenberger et al. in [11] where the authors started the study of racks from the combined perspective of both combinatorics and group theory, and they also posed some interesting questions about the lattice of subracks. In [9] , a positive answer was given to one of those questions. Indeed, it was shown that the lattice of subracks of any rack is atomic. Moreover in [9] , the atoms of the lattice of subracks were shown to be exactly all subracks generated by a singleton of R.
In this paper, we answer the following question for finite racks, due to I. Heckenberger et al. in [11] : Question 1.
Is there a rack R whose lattice of subracks is not complemented?
Concerning other properties of lattices of subracks one can mention [11, Example 2.3] where it was shown that the rack of all transpositions in the permutation group S n together with the conjugation operation is isomorphic to the lattice of all partitions of a set with n elements. It was also shown in [11, Corollary 2.11 ] that the topology of the lattice of subracks of a rack, in the sense of its order complex, could be complicated. This paper is organized as follows. In Section 2, we provide some preliminaries which we use throughout the paper. Section 3 is devoted to our main results. Indeed, first we answer Question 1.1. Next, we show that being a Boolean algebra, pseudocomplemented and uniquely complemented as well as distributivity are equivalent for the lattice of subracks of a finite rack. Moreover, we show how modularity and complements of subracks in the lattice of subracks of a finite rack are related. We also introduce a certain class of racks including all groups with the conjugation operation, called G-racks, and we study some of their topological properties.
Preliminaries
A lattice is a partially ordered set in which every two elements have a unique least upper bound (supremum) and a unique greatest lower bound (infimum). Let L be a lattice. We call the supremum and the infimum of the two elements a, b ∈ L, the join and the meet of a and b, respectively, and denote them by a ∨ b and a ∧ b, respectively. If L has the greatest (resp. least) element, then this element is denoted by1 (resp.0). A lattice including0 and1 is called bounded. A join of a subset S of L is a supremum of S in L (if exists) . Similarly, a meet of a subset S of L is an infimum of S in L (if exists). A lattice whose any of subsets has both a join and a meet is called a complete lattice. The lattice
The lattice L including0 and1 is called complemented if for every a ∈ L there exists an element b ∈ L, called the complement of a, such that a ∧ b =0 and a ∨ b =1. If in a complemented lattice every element has a unique complement, then the lattice is called uniquely complemented. A complemented distributive lattice is called a Boolean algebra. We denote the lattice obtained by
A lattice whose any of elements is the join of some atoms is called atomic. A relatively atomic lattice is a lattice in which every interval is atomic. Similarly, a relatively complemented lattice is a lattice in which every closed bounded interval [x, y] is complemented. It is obvious that every bounded relatively atomic lattice (resp. bounded relatively complemented lattice) is atomic (resp. complemented). The lattice L including0 is called pseudocomplemented if for every x ∈ L there exists a greatest element x * with x ∧ x * =0 (here x * is unique). A (finite abstract) simplicial complex is a collection ∆ of sets such that for each σ ∈ ∆ and τ ⊆ σ, one has τ ∈ ∆. Let ∆ be a simplicial complex. The elements of ∆ are called faces or simplices of ∆. Maximal faces of ∆ are called facets. The dimension of a face of ∆ is defined to be the cardinality of the face minus one. The dimension of ∆ is the maximum of the dimensions of its faces. A subcomplex of ∆ is a subset Γ of ∆ which is a simplicial complex.
A rack is a set R together with a binary operation ⊲ such that the following conditions are satisfied: for all a, b, c ∈ R, we have a ⊲ (b ⊲ c) = (a ⊲ b) ⊲ (a ⊲ c), and there exists a unique x ∈ R with a ⊲ x = b. A quandle is a rack Q with the additional condition x ⊲ x = x, for all x ∈ Q.
Let (R, ⊲) be a rack. A subrack of R is a subset Q of R where (Q, ⊲) is a rack as well. The set of all subracks of R with the inclusion order is a lattice called the lattice of subracks of R, and denoted by R(R). For a subset S of R, the subrack generated by S in R, denoted by ≪ S ≫, is the intersection of all subracks of R including S. It follows from the definition that for every a ∈ R, the map f a : R → R with f a (b) = a⊲b is a bijection. An automorphism of R is a function φ : R → R such that for all a, b ∈ R, we have φ(a ⊲ b) = φ(a) ⊲ φ(b). The inner group of R, denoted by Inn(R), is the subgroup generated by {f a : a ∈ R} in the automorphism group of R. Note that f a is an automorphism of R, for every a ∈ R. The inner group of R acts on R by the natural action φ * x = φ(x), for all φ ∈ Inn(R) and x ∈ R. The orbits of this action are subracks of R. In other words, the orbit including x ∈ R is the set {φ(x) : φ ∈ Inn(R)}. Note that when we refer to a group as a rack, we mean that the operation is conjugation.
Main Results
In this section, we answer one of the questions posed by I. Heckenberger et al. in [11] . Indeed, we show that R(R) is complemented, for a finite rack R. We also determine some other structural properties of R(R). In particular, we give a characterization of finite modular lattices of subracks in terms of comlements of the elements of the underlying racks. We also introduce a class of racks, called G-racks which contains all groups (as racks), and we determine some properties of such racks.
The following theorem is one of the most important results of this paper which immediately concludes that the lattice of subracks of a finite rack is complemented. 
Proof.
(1) If R = ∅, then the result is clear. Now, we assume that
is the set of all maximal subracks of R and X = n i=1 M i . Let φ be an automorphism of R. It is easily seen that the map M i → φ(M i ) is a permutation on the set of all maximal subracks of R. Therefore, we have
which implies that X is the union of a set of orbits of R. Note that R\X is the union of the other orbits, and hence it is a subrack. If X = ∅, then there is a maximal subrack M containing R\X. We also have X ⊆ M and hence M = R which is a contradiction.
(2) Let
Obviously, |Q 1 ∩ Q 2 | belongs to C, so that C is nonempty. Assume that |Q 1 ∩ Q 3 | is the minimum element of C for a subrack Q 3 of Q 2 . We show that Q 3 is a complement of Q 1 in R(T ). To do this, it is enough to show that Q 1 ∩ Q 3 = ∅. Suppose on contrast that x ∈ Q 1 ∩ Q 3 . By the part (1) the intersection of all maximal subracks of Q 3 is empty, so there exists a maximal subrack Q 4 of Q 3 which does not contain x. Thus by Theorem 2.3 of
But this is a contradiction, since |Q 1 ∩ Q 3 | is the minimum of C.
Corollary 3.2. The lattice of subracks of every finite rack is complemented.
Proof. Let R be a rack and Q be a subrack of R. Then we have ≪ Q, R ≫= R, and hence by the part (2) of Theorem 3.1, the result follows.
Let (R, ⊲) be a rack. It is easily seen that the intersection and the subrack generated by every family of subracks of R are subracks as well, and hence R(R) is a complete lattice. There is an important relationship between the lattices of subracks of racks and quandles. The corresponding quandle of R, denoted by (R, * ), is the set of all atoms of R together with the following operation: for any two atoms A and B of R with a ∈ A and b ∈ B, we have A * B = C where C is the atom containing a ⊲ b. We may sometimes consider quandles instead of racks, because the lattice of subracks of a rack and its corresponding quandle are isomorphic, by [9, Corollary 2.7] .
In the next theorem, we provide some equivalent statements concerning the structure of the lattice of subracks of a rack. (
Proof. It was shown in [9] that the statements (1) and (2) are equivalent. Now, we show that the other statements are equivalent to the statement (1). As we mentioned above, the lattice of subracks of every rack is isomorphic to the one for its corresponding quandle, and hence here it is enough to consider quandles. First, assume that R(R) is pseudocomplemented. It is enough to show that f x (y) = y for all x, y ∈ R. Assume on contrast that there exist x, y ∈ R with f x (y) = y. Consider a maximal subrack M of R as a complement of {y} in R(R). Thus M ⊆ {y} * and hence M = {y} * . For every z ∈ R\{y}, it follows from {y} ∧ {z} =0 and M = {y} * that z ∈ M, and hence M = R\{y}. Since f x (y) = y, we have f x (y) ∈ M, and hence y = f −1
x (f x (y)) ∈ M because x ∈ M which is a contradiction. Therefore R(R) is a Boolean algebra. Conversely, it is well known that every finite distributive lattice is pseudocomplemented.
Next, suppose that R(R) is uniquely complemented. Assume on contrast that f x (y) = y for some x, y ∈ R. Consider M as the unique maximal subrack of R which is the complement of {y} in R(R). Since for every z ∈ R\M, the atom {z} is the complement of M, we have M = R\{y}. Now, similar to the proof of equivalency of (1) and (3), we get a contradiction, and hence R(R) is a Boolean algebra. See also [2, Theorems 1,2]. The converse follows from the well known fact that every Boolean algebra is a uniquely complemented lattice.
Note that the lattice of subracks of a rack is not necessarily relatively complemented. For example, let Q be the quandle S 3 . Since every subrack of Q including a 2-cycle and a 3-cycle contains all other 2-cycles and 3-cycles, it follows that the interval [ (1 2), Q] is not complemented (see Figure 1a) .
Similarly, the lattice of subracks of a rack is not necessarily relatively atomic. For example, let Q be the dihedral quandle Z 8 (i.e. x ⊲ y = 2x − y for all x, y ∈ Z 8 ). In this quandle, the interval [{0}, Q] is not atomic. Indeed, this interval has only the atom {0, 4}, and hence the subrack {0, 2, 4, 6} is not the join of the atoms of this interval. Furthermore, this interval is not complemented, because every subrack of Q containing an odd number and an even number must generate Q (see Figure 1b) . A sublattice S of L is a subset of L such that the join and the meet of every two elements of S in L belong to S. Note that it is a well known fact that a lattice L is modular if and only if it does not have any sublattice isomorphic to the lattice in Figure 2 (see [6, Theorem 2 of Section 7]). As some well known examples of modular lattices, we refer to the lattice of submodules of a module over a ring, and the lattice of normal subgroups of a group. Since the lattice of subracks is atomic, modular lattice of subracks are geometric lattices. The following theorem provides a relationship between modularity and reducing complements in the lattice of subracks of a rack.
Let R be a rack and let Q, R 1 and R 2 be subracks of R with Q ⊆ R 1 ⊆ R 2 . Then we say that a complement Q ′ of Q in R(R 2 ) can be reduced to a complement of Q in R(R 1 ), if Q ′ ∩ R 1 is a complement of Q in R(R 1 ).
Theorem 3.4. Let R be a finite rack. Then R(R) is modular if and only if for all subracks Q, R 1 and R
can be reduced to a complement of Q in R(R 1 ).
Proof. First, suppose that R(R) is modular, and Q, R 1 and R 2 are subracks of R with Q ⊆ R 1 ⊆ R 2 . Let Q ′ be a complement of Q in R(R 2 ). By modularity, we have
. Conversely, suppose that we can reduce every complement of Q in R(R 2 ) to a complement of Q in R(R 1 ) for every subrack Q of R 2 . If R(R) is not modular, then R(R) has a sublattice as shown in Figure 3a . It follows from the part (2) of Theorem 3.1 that there exists a subrack Q ′ 2 of Q 2 which is a complement of Q 1 in R(T ) with T =≪ Q 1 , Q 2 ≫, and hence Q
, and hence Q ′ 2 ∩ Q 3 = ∅ because the intersection of Q 1 and Q ′ 2 is empty. We therefore obtain the sublattice of R(R) shown in Figure 3b . By our assumption, we can reduce Q ′ 2 to a complement of Q 1 in R(Q 3 ), namely Q ′ 2 ∩ Q 3 is a complement of Q 1 in R(Q 3 ). But this is impossible because Q ′ 2 ∩ Q 3 is empty, a contradiction. Therefore R(R) is a modular lattice. Now, we introduce a certain class of racks called G-racks, (here "G" stands for "Group", motivated by the fact that this class of racks includes all groups). We say that a rack R is a G-rack if R is the only subrack of R which has a nonempty
The lattice N 5 in a nonmodular lattice of subracks.
The lattice N 5 which has an empty bottom element. intersection with every orbit of R. By [11, Lemma 2.8], all groups are G-racks. Note that the orbits of a group are its conjugacy classes. An example of a rack whose lattice of subracks is not distributive was introduced in [9] . We call this rack a P -rack. Indeed, in the next example, we show that any P -rack is a G-rack.
Example 3.5. Let R be a set, and {R i } i∈I be a partition of R. Assume that {f i } i∈I is a family of permutations on R such that f i (R j ) = R j and f i f j = f j f i for all i, j ∈ I. If x ⊲ y = f i (y) for all x, y ∈ R where x ∈ R i , then (R, ⊲) is a rack, which we call a P -rack (here "P" comes from "Partition"). This rack is a quandle if and only if for each i ∈ I the restriction of f i to R i is the identity. Now, we show that (R, ⊲) is a G-rack. Suppose that O is the collection of all orbits of R, and Q is a subrack of R such that Q ∩ X = ∅ for every X ∈ O. Note that for each orbit X of R, there is a unique i ∈ I for which X ⊆ R i . For an element x ∈ R, let X be the orbit including x. Let X ⊆ R i for some i ∈ I, and y ∈ Q ∩ X. There is an element φ = f a 1 · · · f a l in Inn(R) for which φ(y) = x. Note that for each j ∈ I, the elements of R j have the same action on the other elements of R. Therefore by the assumptions, we have φ ∈ Inn(Q), and hence x ∈ Q. It follows that R is a G-rack.
In the next theorem, we characterize all racks with abelian inner groups. Indeed, we show that such racks are exactly the same as the P -racks. Proof. By definition of a P -rack, it is obvious that the inner group of a P -rack is abelian. Conversely, assume that R is a rack with abelian inner group. We define the equivalence relation ∼ on R as the following: for all x, y ∈ R, we have x ∼ y if and only if f x = f y . Now, we show that the partition given by these equivalence classes is a desired partition as in Example 3.5. It is enough to show that for each x, y ∈ R, the elements f x (y), f −1
x (y) and y belong to a same class, namely
x (y) = f y . The latter equalities hold, since we have f fx(y) = f x f y f
x f y f x = f y by [9, Lemma 2.1], and Inn(R) is abelian by our assumption.
The following lemma plays an important role in the sequel.
Lemma 3.7. Any rack is a G-rack if and only if its corresponding quandle is a G-rack.
Proof. Let (R, ⊲) be a rack, and let x be the atom including x for any x ∈ R. For any subrack Q of R, let Q = {x : x ∈ Q}. Then by [9, Corollary 2.7] , the map Q → Q defines a lattice isomorphism from R(R) to R(R) mapping the orbits of R to the orbits of R. Now, let R be a G-rack, and let {X i } i∈I be the set of all orbits of R. Then {X i } i∈I is the set of all orbits of R. We show that R is a G-rack. Let Q be a subrack of R such that Q ∩ X i = ∅ for any i ∈ I. Then Q ∩ X i = ∅ for any i ∈ I, since the map is one-to-one and ∅ = ∅. It follows that Q = R, since R is a G-rack, and hence Q = R. Thus R is a G-rack as well. The converse follows similarly.
An orthocomplemented lattice is a complemented lattice L equipped with a function φ : L → L such that φ 2 = id, φ(x) is a complement of x in L, and φ(y) ≤ φ(x) for all x, y ∈ L with x ≤ y.
In the next theorem, we characterize modular, relatively complemented and orthocomplemented finite G-racks. (
Proof. It is a well known fact that (1) implies the other statements (see [6, Section 6] ), and hence it is enough to show that each of (2), (3) and (4) implies (1) . By Lemma 3.7, without loss of generality, we may assume that R is a quandle. To see that R(R) is a Boolean algebra, it is enough to show that every orbit of R is a singleton. Let X be an orbit of R and x ∈ X. We can assume that R has some orbits other than X, since otherwise, by definition of a G-rack, it follows that R = {x} = X, and hence there is nothing to prove. Note that if for a subrack Q of R, we have ≪ X, Q ≫= R, then Q has a nonempty intersection with every orbit Y = X. Indeed, if there is an orbit Y = X with Y ∩ Q = ∅, then ≪ X, Q ≫⊆ R\Y , a contradiction. In particular, each complement of X in R(R) has a nonempty intersection with every orbit of R except X. Now we consider the following cases: First, suppose that R(R) is modular. Then T =≪ R\X, x ≫ has a nonempty intersection with any orbit of R, and hence it follows from definition of a G-rack that T = R. It follows that R\X is a complement of {x} in R. By Theorem 3.4, one could reduce R\X to a complement of {x} in R(X). But this is a contradiction unless X = {x}.
Next, suppose that R(R) is relatively complemented. Consider the interval [{x}, R]. Suppose that T is a complement of X in the interval [{x}, R], and hence T ∩X = {x} and T has a nonempty intersection with every orbit of R. This implies that T = R, since R is a G-rack. Now, it follows from T ∩ X = {x} that X = {x}.
Finally, suppose that R(R) is orthocomplemented. Let φ : R(R) → R(R) be a desired function as in the definition. Note that φ(X) has a nonempty intersection with every orbit of R except X, since φ(X) is a complement of X in R. We have φ(X) ⊆ φ({x}), and hence φ({x}) has a nonempty intersection with every orbit of R except X, as well. If φ({x}) R\X, then φ({x}) has a nonempty intersection with every orbit of R, and hence φ({x}) = R, since R is a G-rack. But this is a contradiction, since φ({x}) is a complement of {x} in R(R). Therefore, we have φ({x}) ⊆ R\X, and hence φ(R\X) ⊆ φ 2 ({x}) = {x}. This implies that φ(R\X) = {x}. Repeating the above arguments, for any y ∈ X, shows that φ(R\X) = {y} = {x}. Thus X = {x}. As an immediate consequence of Theorem 3.8, the lattice of subracks of a group G is modular, relatively complemented or orthocomplemented if and only if {x, y} is a subrack of G for all x, y ∈ G. Therefore, these equivalent conditions imply that each two elements of G commute with each other. Let Q 8 = {±1, ±i, ±j, ±k} and D 8 = σ, τ : σ 4 = 1, τ 2 = 1, τ σ = σ 3 τ be the quaternion group and dihedral group, respectively. In [11] , all groups whose lattice of subracks is graded (i.e. all maximal chains of the lattice have the same length) were characterized. Indeed, it was shown that the lattice of subracks of a group is graded if and only if the group is abelian, S 3 , D 8 or Q 8 . See Figure 4 to observe why S 3 , Q 8 and D 8 have non-modular lattice of subracks. We would also like to remark that in Theorem 3.8, we directly determined the groups with the modular lattice of subracks without using the fact that modular lattices are graded.
The order complex of a poset P , denoted by ∆(P ), is the set of all chains of P . Here, by the homotopy type of a poset P , we mean the homotopy type of the order complex of P = P \{0,1}. In the following, we determine the homotopy type of the lattice of subracks of a finite G-rack as a generalization of [11, Proposition 1.1] for the lattice of subracks of a group. For this purpose, we need the well known nerve lemma (see [4, Theorem 10.7] ). The nerve of a family A = {A i } i∈I of sets, denoted by N (A), is a simplicial complex whose faces are the subsets J of I for which j∈J A j is nonempty. A covering for a simplicial complex ∆ is a collection {∆ i } i∈I of subcomplexes of ∆ such that ∆ = i∈I ∆ i . Proof. For every subrack Q of R, let ∆ Q = {σ 0 , . . . , σ t } ∈ ∆(R(R)) : ∅ σ 0 · · · σ t ⊆ Q .
In particular, ∆ ∅ = {∅}. We have that A = {∆ M : M is a maximal subrack of R} is a covering for ∆(R(R)). Let {X 1 , . . . , X c } be the set of all orbits of R. Then M is a maximal subrack of R if and only if M = R\X i for some i = 1, . . . , c, since R is a G-rack. Let M i = R\X i for all i = 1, . . . , c, and let I ⊆ {1, . . . , c}. Then it follows that i∈I ∆ M i = {∅} if and only if I = {1, . . . , c}. This implies that the facets of N (A) are exactly the subsets of {1, . . . , c} with c − 1 elements. Thus N (A) has the homotopy type of S c−2 . It is clear that for any nonempty subrack Q = R, the simplicial complex ∆ Q is a cone over Q, so that ∆ Q is contractible. On the other hand, for any I ⊆ {1, · · · c} we have i∈I ∆ M i = ∆ i∈I M i which is {∅} or a cone over i∈I M i , and hence it is {∅} or contractible. Now, it follows from Lemma 3.9 that the homotopy types of ∆(R(R)) and N (A) are the same, and hence ∆(R(R)) has the homotopy type of S c−2 .
